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Abstract 
In this work we extend the crossover (CR) modification of the statistical-associating-
fluid-theory (SAFT) equation of state (EOS) recently developed and applied for non-
associating systems [1] to associating fluids. Unlike the previous crossover EOS that was 
based on the parametric linear model for the universal crossover function Y, the new CR 
SAFT EOS based on Fisher’s recent parametric sine model.  This model can be extended 
into the metastable region and gives analytically connected van der Waals loops in the 
two-phase region. We show that for associating fluids the new CR SAFT EOS not only 
yields a better description of the PVT and VLE properties of fluids in the critical region, 
but also improves the representation of the entire thermodynamic surface. A comparison 
is made with experimental data for pure normal methanol, ethanol, propanol, butanol, 
pentanol, and hexanol in the one- and two-phase regions. The CR SAFT EOS reproduces 
the saturated pressure and liquid density data with an average absolute deviation (AAD) 
of about 1%. In the one-phase region, the CR SAFT equation represents the experimental 
values of pressure with AAD less than 1% in the critical and supercritical region and the 
liquid densities with AAD of about 2%. 
 
Keywords: associating fluids, critical state; crossover theory; equation of state; n-
alkanols; thermodynamic properties; vapor-liquid equilibrium. 
________________________________________________________________________ 

                                                 

1 Author to whom all correspondence should be addressed: Phone: 303-273-3190; FAX: 303-273-3730; E-

mail: skiselev@mines.edu 



1. Introduction 

Fluids containing associating molecules are always of great interest from an 

industrial point of view an their thermophysical properties are needed for many practical 

applications. However, due to the existence of strong and highly directional attractive 

forces in associating fluids, only a few thermodynamic models available today can be 

used to represent such a fluid. 

One successful approach that can be used to model associating fluids is the 

Statistical Associating Fluid Theory (SAFT) which is firmly based in statistical 

mechanical perturbation theory. For years, the SAFT equation of state has been applied to 

model associating fluids, including both pure components and mixtures [2-8]. These 

applications have shown that the SAFT equation of state can reliably capture the behavior 

of associating fluids over a wide range of conditions. Nevertheless, in its original form, 

this equation of state fails to give an accurate description of the fluids in the region close 

to the critical point due to the existence of the long-range density fluctuations. 

A crossover SAFT EOS for non-associating fluids which incorporates the long-

range density fluctuations and reproduces the asymptotic scaling laws in the critical 

region was developed recently by Kiselev and Ely [1, 9].  In the present paper we 

continue study initiated by Kiselev and Ely for n-alkanes [1] and refrigerants and 

refrigerant mixtures [9] and develop a crossover SAFT EOS for n-alkanols. The equation 

of state was tested against experimental VLE and PVT data for methanol, ethanol, 

propan-ol-1, butan-ol-1, pentan-ol-1, and hexan-ol-1. 



2. SAFT equation of state 

The SAFT equation of state is defined in terms of the residual Helmholtz energy 

per mole, ares. For associating molecules, the molar residual Helmholtz energy consists of 

three terms [3]: 
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where sega~  is the Helmholtz energy due to segment-segment interactions, and is 

considered to be the reference term; chaina~  is the incremental Helmholtz energy due to 

chain formation; and assoca~  is the incremental Helmholtz energy due to association. A 

tilde (~) in this work means a dimensionless form of a variable.   

The segment contribution is given by 
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where m is the number of segments per molecule and hs
oa~  is the Helmholtz energy of 

hard-sphere fluids per segment given by Carnahan-Starling [10]: 
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In Eq. (3), η is the reduced density (segment packing fraction or volume fraction of 

segment) defined as 
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Here, NAv is Avogadro’s number, ρ is the molar density and d is the effective diameter of 

the hard spherical segment (the temperature-dependent segment diameter). Using the 

inverted square-well potential, Chen and Kreglewski [11] expressed d as 
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where σ is the center-to-center distance between two segments, at which the pair 

potential of the real fluid is zero (the temperature-independent segment diameter), k is the 

Boltzmann constant, C = 0.12 for all fluids in this work, and uo/k is the temperature-

independent well depth of the square-well potential. The temperature-independent 

segment diameter, σ, is related to the temperature-independent segment molar volume in 

a closed-packed arrangement defined per mole of segments: 
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where 6/2πτ = . 

The dispersion part in Eq. (2), disp
oa~ , is given by [11]: 
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where Dij’s are universal constants and u is the temperature-dependent well depth defined 

as 
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Here, e/k is a constant that is related to Pitzer’s acentric factor and the critical 

temperature, but since the energy parameter is for segments rather than for molecules, e/k 

= 10 for SAFT molecules [3].  

 The chain contribution, chaina~  in Eq. (1), is related to the radial distribution 

function of the hard-sphere fluid at contact, ghs(d), as follows: 

 ( 1) ln ( )chain hsa m g d= − −�  (9) 



where   
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The association contribution, assoca~  in Eq. (1), derived on the basis of Wertheim’s 

thermodynamic perturbation theory, is given by 
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where n(Γ) is the number of association sites on the molecule and XA is the 

fraction of molecules that are not bonded at site A. The expression for XA is also obtained 

from Wertheim’s theory: 
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where ∆AB is the association strength given by 
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where εAB is the well depth of the site-site potential and σ3κAB is a measure of the volume 

available for bonding.  

To obtain specific expressions for assoca~  and XA, one has to hypothesize the 

number of association sites and make simplifying approximations for the association 

strength of site-site interactions. Following Huang and Radosz [3], in this work a n-

alkanol is modeled as an associating chain molecule with two association sites, i.e. model 

2B.  Thus, the total number of SAFT parameters for this type of associating fluid is five, 

i.e., m, voo (or σ), uo/k, ε /k, and κAB; the last two parameters are specifically from the 

association term. 



We note that in applying the crossover model, the equation of state’s classical 

critical molar density and temperature, i.e. 0cρ  and T0c, are required and these are 

obtained by solving the criticality conditions 
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where P is the pressure. Once 0cρ  and T0c are known, the critical pressure P0c can be 

obtained. 

3. Crossover SAFT equation 

In order to obtain the crossover (CR) SAFT EOS, one needs first to represent the 

classical expression for the dimensionless Helmholtz free energy in the form [1] 

 ( ) 0 0 0( , ) , ( ) ( ) ( )resa T v a T v vP T a T a T= ∆ ∆ ∆ +∆ + +�� � � �  (15) 

where the critical part of the Helmholtz free energy  

 ( ) ( ) ( ) ( )0, , ,0 ln( 1)res resa T v a T v a T v vP T∆ ∆ ∆ = ∆ ∆ − ∆ − ∆ + + ∆ ∆�� � �  (16) 

is expressed as a function of the dimensionless deviations of the temperature 

0/ 1cT T T∆ = −  and the molar volume 0/ 1cv v v∆ = −  from  the classical critical 

temperature 0cT  and the classical molar volume 0cv , 0 0 0( ) ( , ) /c cP T P T v v RT=�  and 

( ) ( )0 0 0,res res
ca T a T v=� �  are the dimensionless pressure and the residual Helmholtz energy 

along the critical isochore, and ( )0a T�  the dimensionless temperature-dependent ideal gas 

part. The next step is to replace T∆  and v∆  in singular part ( ),a T v∆ ∆ ∆�  with their 

renormalized values 
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so that T τ∆ →  and  v η∆ → ∆  in Eq. (16), where / 1cT Tτ = −  is the dimensionless 

deviations of the temperature  from the real critical temperature cT ,  / 1cv vη∆ = −  is the 

dimensionless deviations of the molar volume form the real critical molar volume cv , and 

the factors 0 0 0/ ( ) /c c c c c cT T T T Tτ∆ = ∆ = −  and  0 0 0/ ( ) /c c c c c cv v v v v v∆ = ∆ = −  are the 

dimensionless shifts of the critical parameters.   

In Eqs. (17) and (18) 1.24γ = , 0.325β = , 2 2 0.11α γ β= − − = , and 1 0.51∆ =  

are the universal non-classical critical exponents, and the crossover function ϒ can be 

represented in the parametric form  [1] 
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Physically, the parametric variable q  is a renormalized distance from the critical point. In 

our previous work [1], q was found from a solution of the parametric linear model (LM). 

In this study, following the recent work of Kiselev and Ely [9] we find the parametric 

variable q  from a solution of the crossover parametric sine model  
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where Gi  is the Ginzburg number for the fluid of interest, 1v  and 1d  are the system-

dpendent parameters, δ 1 8 5= .  is a constant, and the parameters p2  and b2  can be set 

equal to the universal LM parameter 2 1.359LMb =  [9].  The linear-model crossover 



equation for the parametric variable q  employed earlier by Kiselev et al. [1, 12, 13] is 

recaptured from Eq. (20) when the parameter p2 0→ . 

Finally, the crossover expression for the Helmholtz free energy can be written in 

the form 
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where the kernel term 2( )τΚ  should be added in order to reproduce the asymptotic 

singular behavior of the isochoric heat capacity along the critical isochore [12]. Since the 

isochoric heat capacity is not considered in this work we set here 2( )τΚ =0. The final 

crossover SAFT equation of state in this case reads       
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4. Comparison with experimental data 

 In the present work we applied crossover SAFT EOS for the description of the 

PVT and VLE properties of n-alkanols in and far beyond the critical region. In addition to 

the original SAFT parameters m, voo, uo/k, ε /k, and κAB in Eqs.(1-13), the crossover 

SAFT EOS for n-alkanols contains also the crossover  parameters Gi , 1v  and 1d  in Eq. 

(20) for the parametric variable q . The parameters m, voo, uo/k, ε /k, and κ determine the 

classical critical parameters T0c, 0cρ , and  P0c which, in general, do not coincide with the 

real – experimental values cT ,  cρ , and  cP . Thus, if one needs also to keep the real 

values of the critical temperature and density, the critical shifts in Eqs. (17) and (18), cτ∆  

and  cρ∆ , should be considered  as additional  system-dependent parameters. The exact 

values of the critical temperature and density are highly needed for an accurate 



reproducing of the isochoric specific heat data in the nearest vicinity of the critical point, 

which are not considered here. Therefore, in the present work, following Kiselev and Ely 

[9] the critical shifts cτ∆  and cρ∆ , and the parameter 1v  were represented as functions of 

the Ginzburg number  
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where for the parameters  

 2 (0) 2 (0) 3
1 13.4 10 , 5.4, 4.9 10 , 5.0 10v vτ ρδ δ− − −= ⋅ = = − ⋅ = ⋅  (26) 

we adopted the same values as employed by Kiselev and Ely [9] in the simplified 

crossover SAFT EOS. After this simplification, only two system-dependent parameters, 

Gi and 1,d  in Eqs. (17) , (18), and (20) are left.  In this work, the inverse Ginzburg 

number 1/g Gi=  and the rectilinear diameter amplitude 1d  were represented as linear 

functions of the molecular weight 

 (0) (1)(0) (1)
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where the coefficients  

 (0) (1) 3 (0) (1) 3
1 118.328, 7.06 10 , 1.071, 5.82 10g g d d− −= = ⋅ = = ⋅  (28) 

are considered as system independent constants for  all n-alkanols.  These constants were 

found from a fit of the CR SAFT EOS to the VLE and saturated pressure data for 

methanol and propan-ol-1.  



 Finally, in the crossover SAFT EOS for n-alkanols we have only five adjustable 

parameters m, voo, uo/k, ε /k, and κ.  We found these parameters from a fit of the 

crossover SAFT EOS to the experimental saturated pressure, VLE, and one-phase PVT 

data taken from references [14-18] for methanol, Refs. [14, 19-21] for ethanol, Refs. [14, 

22, 23] for propan-ol-1, Refs. [14, 21, 24-26] for butan-ol-1, Refs. [27-31] for pentan-ol-

1, and Refs. [27-29, 32, 33] for hexan-ol-1. The values of all system-dependent 

parameters of the crossover SAFT EOS for n-alkanols are listed in Table 1. Experimental 

saturated pressure and liquid and vapor density data in comparison with values calculated 

with the original SAFT and the crossover SAFT EOS are shown in Figs. 1 and 2. The 

crossover SAFT EOS yields much better description of the VLE data than the original 

SAFT EOS, especially in the critical region, where the SAFT gives up to 20-30% 

deviations. This is primarily due to the fact that the critical temperatures and pressures 

calculated with the original SAFT EOS are systematically higher (of about 10-30%) than 

experimental values.  The experimental values of the critical parameters in comparison 

with the values calculated with the crossover SAFT EOS are listed in Table 2.  The 

maximum deviation of the calculated critical temperature 1.5cT∆ =  K (or about 0.3%) 

and the critical pressure 0.1cP∆ = 1 MPa (or about 1.5%) is observed for ethanol. For all 

other n-alkanols listed in Table 2 these deviations are less than 0.1% for cT , and less than 

1% for cP . The calculated critical densities for all n-alkanols considered here are about 

10% less than the experimental values. However, it does not influence on the quality of 

description of the VLE data in the critical region.   The CR SAFT EOS reproduces the 

saturated pressure with an average absolute deviation (AAD) of about 1% and vapor and 



liquid density data with AAD of about 3-4% at temperatures 0.99c cT T T> ≥ , and with 

AAD of about 2% at 0.99 cT T≤ .  

In comparison to the original SAFT model, the crossover SAFT EOS gives not 

only a major improvement in the description of VLE data in the critical region, but also 

yields a better description of the PVT data in the one-phase region.  Comparisons of the 

calculated and experimental values of liquid densities for methanol and ethanol are 

shown in Figs. 3 and 4. Percentage deviations of experimental densities from values 

calculated with the original SAFT EOS and the crossover SAFT EOS are given in Figs. 

5-7.  In Fig. 8 we show a comparison between experimental PVT data in the critical and 

supercritical region of propan-ol-1 with the calculated values. In the one-phase region, 

the crossover SAFT equation represents the experimental values of pressure with AAD 

less than 1% in the critical and supercritical region and the liquid densities with AAD of 

about 2%. 
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Table 1. System-dependent parameters for the crossover SAFT EOS. 

parameter Methanol Ethanol Propanol-1 Butanol-1 Pentanol-1 Hexanol-1 

v00, 

mL mol-1 

6.21528 5.66344 6.58931 8.03448  10.2215  12.1164  

m 3.29388 5.13447 5.72886 6.03793  5.70949  5.63890  

u0/k, K 152.775 154.067 161.917  181.497  190.652  197.391  

ε/k, K 2626.03 2376.05 2398.25  2371.52  2477.31  2558.21  

κAB
 

0.15532 0.14421 0.11444  0.05324  0.06173  0.07285 

Mw 32.042    46.069  60.097    74.123    88.150    102.177    

 



Table 2. Experimental (exp) and calculated (calc) values of the critical parameters for n-

alkanols1 

parameter Methanol Ethanol Propan-1-ol Butan-1-ol Pentan-1-ol Hexan-1-ol 

Tc
exp, K 512.64  516.25    536.71 562.90 588.15 611.40 

Tc
calc, K 512.10  517.71   536.67 563.33  588.20 612.28 

ρc
exp, mol L-1 8.475 5.991 4.583 3.650 3.030 2.625 

ρc
calc, mol L-1 9.517  6.452 4.929 3.867 3.270 2.795 

Pc
exp, MPa 8.097 6.383 5.170 4.418 3.911 3.510 

Pc
calc, MPa 8.114 6.493 5.296 4.450 3.950 3.521 

1 The experimental critical parameters were taken from Ref. [34] for methanol, from 

Refs. [29] for ethanol, from Ref. [22] for propan-1-ol, from Ref. [24] for butan-1-ol, from 

Ref. [18] for pentanol, and from  ref. [34] for hexan-1-ol. 

 



Figure Captions 

 

Figure 1. Saturated pressure data for methanol [14, 15], ethanol [14, 19, 20], propan-1-ol 

[14, 22], butan-1-ol [14, 24], pentan-1-ol [27-29], and hexan-1-ol [27-29] (symbols) with 

predictions of the classical SAFT equation of state (dashed lines) and the crossover SAFT 

equation of state (solid lines).   

Figure 2. Saturated density data for methanol [14-17], ethanol [14], propan-1-ol [14, 22], 

butan-1-ol [25, 26], pentan-1-ol [27, 30], and hexan-1-ol [27, 29, 32] (symbols) with 

predictions of the classical SAFT equation of state (dashed lines) and the crossover SAFT 

equation of state (solid lines). 

Figure 3. Liquid density data for methanol [18] (symbols) with predictions of the 

classical SAFT equation of state (dashed lines) and the crossover SAFT equation of state 

(lines). 

Figure 4.  Liquid density data for ethanol [35] (symbols) with predictions of the classical 

SAFT equation of state (dashed lines) and the crossover SAFT equation of state (solid 

lines). 

Figure 5. P�T data for propan-1-ol [23] (symbols) with predictions of the classical SAFT 

equation of state (dashed lines) and the crossover SAFT equation of state (lines). 

 

Figure 6. Percentage deviations of experimental densities for propan-1-ol [23] (top) and 

butan-1-ol [21] (bottom) from values calculated with the classical SAFT equation of state 

(empty symbols) and the crossover SAFT equation of state (filled symbols). 



 

Figure 7. Percentage deviations of experimental densities for pentan-1-ol [31] (top) and 

hexan-1-ol  [33] (bottom) from values calculated with the classical SAFT equation of 

state (empty symbols) and the crossover SAFT equation of state (filled symbols). 

 

Figure 8. Percentage deviations of experimental densities of Golubev et al. [21] (top) and 

of Lo and Stiel [36] (bottom) for ethanol from values calculated with the classical SAFT 

equation of state (empty symbols) and the crossover SAFT equation of state (filled 

symbols). 
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